Vector polarization induced by the change of scalar phase has been far beyond our understanding about the relationship between polarization and phase in classical optics due to the entanglement of inherent polarized modes of light beam. To overcome this limitation, we establish this miraculous relationship by the principle of phase vectorization that can transform three particular phases into linear, circular and elliptical polarization, respectively. Polarized-spatial light modulator based on the principle of phase vectorization can therefore be realized using a phase-only spatial light modulator, which not only enables pixel-level polarization manipulation of light beam in a real-time dynamic way, but also retains complete phase control simultaneously. This work demonstrates the fundamental phase-to-polarization link and declares the creation of polarized-spatial light modulator, which will facilitate extensive developments in optics and pave ways for the era of vector optics.
Introduction
Amplitude, phase and polarization characterize a light beam in classical optics. The wavefront information of light beam are carried by amplitude and phase while polarization refers to the inherent oscillation of electric field. Throughout the development of optics, every breakthrough regarding the interaction between these three natures not only deepens our knowledge, but also opens new era of optics, thereby leading to the flourish of optics. The renowned Malus law demonstrates that polarization modulation of light beam can turn into amplitude adjustment with the aid of a polarizer, thereby establishing the polarization-to-amplitude link. Academically speaking, the polarization-to-amplitude link has deepened our understanding on the behavior of light beam.
The mutual relationship between amplitude and phase is the cornerstone of scalar optics, which can be established by wavefront modulation techniques [1] [2] [3] [4] . In past centuries, the world has witnessed great successes of scalar optics. The arise of optical research areas, including optical communications [5, 6] , optical storage [7] [8] [9] , optical display [10, 11] , optical lithography [12] , optical imaging [13] [14] [15] , have huge impacts on our life. However, as a stage in the development of optics, the limitations of scalar optics are gradually being realized. For example, the capacity of free-space communication cannot be enhanced by the technique of orbital angular momentum multiplexing anymore until the vector polarized modes are employed [16, 17] . By focusing cylindrical vector beam, diffraction limit can be broken through, which is considered to be impossible in the framework of scalar optics [18, 19] . Lithography polarization optimization becomes the core technique to enhance the resolution of optical lithography [20, 21] . With no doubt, the future will forge ahead into the era of vector optics from the time of scalar optics and nowadays is only its dawn.
The key to open this era requires a polarized-spatial light modulator (polarized-SLM) that can modify the polarization state of light beam with resolution down to a single pixel in a real-time dynamic way.
The polarization-to-phase link demonstrated by Pancharatnam-Berry (PB) phase in 1987 brings the hope of addressing successfully this issue [22] . Polarization convertor based on PB phase can convert a right circularly polarized beam into a left circularly one along with an additional phase and vice versa.
Therefore, a spatial-variant linearly polarized beam can be obtained by passing through a linearly polarized beam. Because of the potential of phase and polarization manipulation, the polarization-tophase link has received special attentions and inspired the researches of metasurface [23] [24] [25] , Q-plate [26] [27] [28] and so on. However, due to the fixed structure of polarization convertors, dynamic polarization manipulation is considered to be impossible so far. Worse still, the principle of PB phase, in essence, hinders the coexistence of circular and linear polarization within one whole light beam simultaneously, thereby making full polarization modulation impossible. Both fatal flaws imply that the polarization-tophase link cannot meet the requirements of polarized-SLM.
According to the above three pairs of relationship in classical optics, one can find that only vector polarization can link to scalar phase and amplitude, but not vice versa. However, if the inverse correlation of polarization-to-phase link can be established, the scalar phase of light beam can entirely be vectorized into its vector polarization. The adjustment of polarization is no longer dependent on the structure of polarized convertor, but only relies on the phase of light beam. In this case, pixelate devices, such as phase-only SLM, can be utilized to form a polarized-SLM, which enables pixel-level polarization modulation of light beam in a real-time dynamic way. Undoubtedly, establishing the phaseto-polarization link is an effective way to tackle both fatal flaws of polarization-to-phase link, but still far beyond our understanding on the vector polarization and scalar phase of light beam.
Here, we establish the fourth fundamental relationship in classical optics, namely the phase-topolarization link, by the principle of phase vectorization. As the inverse process of PB phase, phase vectorization is realized by extracting the inherent desired polarized mode from light beam with different polarization responses in a filter system. Based on phase vectorization, the polarization state of light beam is merely determined by the scalar phase. Thus, polarized-SLM based on phase vectorization can not only access a fully polarization modulation in a real-time dynamic way, but also retains a completed phase control of light beam, which is qualified as the key for vector optics.
Results

Phase vectorization using vortex vector beam
Phase vectorization represents the phase-to-polarization link indicated by arrow D in Supplementary   Figure 1 , which is capable to vectorize the scalar phase of light beam into its vector polarization. As demonstrated in supplementary Note 1, there are two critical conditions for the realization of phase vectorization. One is that the light beam possesses inherent different polarization responses of left and right circularly polarized mode; another is that the undesired circularly polarized mode must be eliminated without affecting the desired one. Normally, both left and right circularly polarized mode in Supplementary Equation 2, 3 are tangled with each other during propagation in free space. For this reason, extracting one of polarized modes from light beam is always thought to be a hopeless task.
Although one cannot achieve a direct separation of both circularly polarized modes within a light beam, an indirective way can be realized by focusing a suitable vector light beam. Specifically, some vector light beams can divide into a left and a right circularly polarized mode with different position in the focal region after focusing by an objective lens. Using a filter system, one of polarized modes can easily be obtained by eliminating another one, thereby permitting the realization of phase vectorization.
Here, we take vortex vector beam (VVB) as example to vectorize the scalar phase into vector polarization, which can be considered as a special case of the generalized phase vectorization depicted in Supplementary Note 1. In this case, ( , )= f m ϕ θ ϕ in Supplementary Equation 1 and the light beam turns into a m order VVB, which can be written as [16] ( ) ( ) Supplementary Figure 3 ]. The bigger the order m, the larger the distance between the undesired and desired polarized mode. Once the distance enlarges sufficiently, the undesired polarized modes can be eliminated using a pinhole and only the desired ones are retained. Thus, the polarized modes after the pinhole can be simplified as 
In Equation 6, the parameter 0 ϕ is the weight factor that adjusts the proportion of L and R . As . For other 0 ϕ , the phase in Eq. (6) can be vectorized into elliptical polarization accordingly.
Polarized-SLM based on phase vectorization
In the following experiment, we establish a polarized-SLM based on phase vectorization using m=30 order VVB. Figure 2 presents the schematic of polarized-SLM, the simplification of which is shown in Supplementary Figure 2 . As shown in Fig.2 , polarized-SLM is composed of a phase control system (green dot box) and a filter system (blue dot box). In the former system, a collimated incident x linearly polarized beam with wavelength 633nm propagating along the optical axis passes through a phase-only SLM and two lenses (L3, L4) before it is converted into a m=30 order VVB by vortex polarizer (VP). VP can be easily manufactured using the technique of Q-plate [27] . Figure 2 Fig. 3 (m, n, o, p) imply that the polarization direction has a one-to-one correspondence with the parameter β , as shown in Fig. 1 . Thus, radial polarization is realized with = β ϕ , see Supplementary Figure 7 (a-c). Although it is beyond imagination, the inverse process of PB phase, namely phase vectorization, is realized using high order VVB. Note that the hollow shape of vector beam from OL2 is attributed to the slight deviation between the conjugated planes of phase-only SLM and VP, which does not affect the validity of polarized-SLM.
Pixel-level modulation using polarized-SLM
Phase vectorization establishes the phase-to-polarization link that enables the manipulation of polarization through the phase of VVB directly. Generally, the phase of VVB can be pixelized by the phase-only SLM in Fig. 2 . Pixelate phase gives rise to pixelate polarization, thereby permitting the individual adjustment of polarization in each pixel, as shown in Fig. 4 .
To verify the pixel-level polarization modulation of polarized-SLM, we present two experimental results of polarization manipulation in Fig Their corresponding polarization states are shown in Fig. 6 (j, k, l, m), which can be expressed as Figure 6 . Besides, we also generate other vector beams in Supplementary Note 3 by patterning the phase in polarized-SLM.
Discussion
Technical discussion of polarized-SLM
As the core of polarized-SLM in Fig. 2 Another method is based on the conversion of polarized mode with the aid of half-waveplate (HWP). In this case, the topological charge difference between the undesired and desired polarized mode remains the same, namely 2 l m Δ = . Since the pinhole is placed between the inner desired and outer undesired polarized mode, the size of pinhole must be enlarged as the topological charge of both desired and undesired polarized mode increase, thereby providing a large active area of desired polarized mode.
Combining both methods, sufficient room can always be obtained for the polarization and phase modulation of polarized-SLM.
Energy efficiency is another factor affected by the pinhole. When modulating by the phase in Eq.
(6), m order VVB is divided into two parts, namely the desired and undesired polarized mode. Both polarized modes are of equal energy. In the process of phase vectorization, the undesired polarized mode is always eliminated by the pinhole while the desired one is retained. Thus, the overall energy efficiency of polarized-SLM is 50%, which is almost ten times as high as that of the methods based on interference principle (normally at the level of a few percent) [30, 31] .
Theoretical impact of phase vectorization
In the following, we would like to discuss the theoretical impact of phase vectorization in classical optics. Generally, polarization manipulation always requires two orthogonally polarized beams with controllable phases. For example, one can achieve full polarization adjustment of light beam by using a metasurface with effective birefringence, where the phases of two electric components Ex and Ey can be adjusted at will [23] . Using interferometric configuration [29] [30] [31] , Besides, phase vectorization unifies amplitude, phase and polarization as a whole. There are heretofore three relationships between amplitude, phase and polarization in classical optics, namely the mutual link between phase and amplitude, the polarization-to-amplitude link and the polarization-tophase link. These three links imply that only the vector polarization can link to scalar phase and amplitude, but not the opposite. That is, these three properties of light beam are relatively independent.
Phase vectorization establishes the unimaginable phase-to-polarization link by transforming all polarization states into three particular phases. Combining the above three relationships with the principle of phase vectorization, one can predict that the phase, amplitude and polarization of light beam can be adjusted simultaneously by merely the phase. For this reason, the phase-to-polarization link can be considered as the last piece of unifying amplitude, phase and polarization.
In conclusion, we have theoretically and experimentally demonstrated the phase-to-polarization link by the principle of phase vectorization. Phase vectorization realized by the phase modulation of m=30 order VVB in a filter system can vectorize three particular phases, namely binary phase, vortex phase, and the combination of both, into linear, circular and elliptical polarization, respectively. Using a phase-only SLM, polarized-SLM is established based on phase vectorization, which enables both pixellevel polarization and phase manipulation of light beam in a real-time dynamic way. In theory, phase vectorization not only renews our understanding on the relationship between scalar phase and vector polarization, but also makes it possible to manipulate the amplitude, phase and polarization by merely the phase, which opens a new avenue for the development of full-SLM. Besides, as a key for the era of vector optics, real-time pixel-level polarization modulation using polarized-SLM offers promising applications in many scientific studies, such as optical communication [17] , optical lithography [20, 21] .
Data Availability
All data supporting the findings of this study are available from the corresponding author on request. 
Figures
Figure 2
Polarized-SLM based on phase vectorization. Phase control system (green dot box) and filter system (blue dot box) compose an entire polarized-SLM. In the former system, a collimated incident x linearly polarized beam with wavelength 633nm propagating along the optical axis passes through a phaseonly SLM and two lenses (L3, L4) before it is converted into a m=30 order VVB by vortex polarizer (VP). VP can be manufactured using the technique of Q-plate. L 3 (f 3 =150 mm) and L 4 (f 4 =150 mm) compose a 4f-system that makes the phase coded in the phase-only SLM and VP conjugate. (a, b) are the light intensities of m=30 order VVB without and with a polarizer (purple arrow), respectively. The modulated VVB output from the first system is divided into a desired and an undesired polarized mode. After passing through the filter system, the undesired one is eliminated by the pinhole (PH) in the focal region of objective lens OL1, and only the desired one is retained. Being reconstructing by the objective lens OL2, the desired polarized mode transforms into the desired polarization, which is recorded using a CCD. Figure 1 The relationship between amplitude, phase and polarization of light. Arrow A denotes the mutual relationship between amplitude and phase; Arrow B indicated the polarization-to-phase link; Arrow C denotes the polarization-to-amplitude link; Arrow D represent the phase-to-polarization link.
Supplementary
Supplementary Figure 2
Simplification of polarized-SLM based on phase vectorization. Polarized-SLM can be simplified into a filter system, which is composed of a focusing system and a reconstruction system. After passing through polarized-SLM, pixelate phase of m order VVB can be vectorized into pixelate polarization. PH denotes a pinhole; OL1 and OL2 are two objective lenses, both numerical aperture of which are 0.01. θ is the convergent angle of OL 1 . 
Supplementary Figure 3
Supplementary Note 1: The principle of phase vectorization
In classical optics, there are so far three pairs of relationship between amplitude, phase and polarization of light beam. As shown in Supplementary Figure 1 , arrow A indicates the mutual relationship between amplitude and phase, which can link with each other by wavefront modulation techniques [1] [2] [3] [4] . The
Malus law establishes the polarization-to-amplitude link with the aid of a polarizer denoted by arrow C.
The polarization-to-phase link indicated by arrow B is demonstrated by Pancharatnam-Berry (PB) phase in 1987 [5] . From these three links, one can link the vector polarization to the scalar phase and amplitude, the reverse, however, does not apply. If the inverse correlation of PB phase can be established, the scalar phase of light beam can entirely be vectorized into vector polarization. Here we call this inverse process of arrow B as phase vectorization, namely the phase-to-polarization link indicated by arrow D.
To establish the phase-to-polarization link, the light beam must possess different polarization responses. Generally, such light beam has a generalized form, the electric field of which can be expressed as 
Supplementary Note 2: Theoretical principle of polarized-SLM
In this note, we present the entire theoretical principle of polarized-SLM and all the theoretical results of the experiments in the main text. As shown in Supplementary Figure 2 , polarized-SLM in Fig. 2 can be simplified into one single filter system, which is composed of a focusing system and a reconstruction system. Here, PH denotes the pinhole; OL1 and OL2 are two objective lenses.
Part 1: Focusing system
In the focusing system, the incident m=30 order VVB is composed of a right and a left circularly Based on the Debye vectorial diffractive theory, the electric fields near the focus can be expressed as [6] { }
where θ is the convergent angle; and the maximum convergent angle arcsin( / ) NA n α = , NA is the numerical aperture of OL1, and n is the refractive index in the focusing space. 
In Supplementary Equation 9 , i E represents the polarization state of VVB. For the sake of simplicity 
Eventually, the focal light intensity of VVB can be obtained using
Spatial separation of desired and undesired polarized modes
In the following simulations, NA=0.01, n=1. The unit of length in all figures is the wavelength λ, and the light intensity is normalized to the unit value. Since the absolute value of topological charges in Specifically, the desired left circularly polarized mode locates at the center while the undesired right circularly polarized mode is in the position of outer ring, as shown in Supplementary Figure 3 (b, c) .
Thus, one can simply retain the desired polarized mode by eliminating the undesired one using a pinhole, which is the key of phase vectorization.
Note that the pinhole must be placed between the desired and undesired polarized mode so that the undesired one is eliminated without affecting the desired one. Therefore, the active area of desired polarized mode is determined by the size of pinhole. Generally, larger active area is the better. In Supplementary Figure 3 , VVB modulated by the phase ( ) m φ ϕ β = ± − with β σϕ = can be expressed as
where [ ]
denote left and right circularly polarized mode, respectively. As shown in Supplementary Figure 3 (17) where H is the Jones matrix of HWP, which can be written as cos 2 sin 2 sin 2 cos 2 
Second method
The second method, which is considered as the most directive way, is to increase the order m of VVB. Figure 3 ]. Thus, the desired polarized mode can be extracted by filtering out the undesired one using a pinhole. After passing through the objective lens OL2, the desired polarized mode is reconstructed, the electric field of which can be expressed as [6] ( ) ( )
Finally, the light intensity output from OL2 can be obtained using
Generally, there are three kinds of polarization, including left and right circular polarization, linear polarization. Note that elliptical polarization is the combination of circular and linear polarization.
Supplementary Figure 4 presents the theoretical results of Figure 3 , which demonstrates that these three polarizations can link with three particular phases using phase vectorization. Specifically, forward and reverse vortex phase can be vectorized into left and right circular polarization, respectively, while binary phase is corresponding to linear polarization, the polarized direction of which is adjusted by the relative displacement of phase structure.
To explain the principle of phase vectorization more clearly, we calculate the light intensities behind the pinhole Figure 5(a) , the desired polarized mode has a one-to-one correspondence with the phase of VVB, which further establishes the direct link between the phase and the reconstruction polarization in Supplementary Figure 5 (b). In this way, the phase of VVB can be vectorized into arbitrary polarization.
As shown in Supplementary Figure 2 , the phase of VVB can be pixelated by phase-only SLM.
Pixelate polarization can be realized in a real-time dynamic way by the polarized-SLM accordingly. To demonstrate this, we present the theoretical results of Figure 6 in Supplementary Figure 6 . As shown in Supplementary Figure 6 , there are four pixel-like zones named A, B, C, D zone in the light beam, each size of which is the same as that of Supplementary Figure 5 . Supplementary Figure 6 (a, d, g) are their corresponding phases of VVB. In these four zones, one can even create four different order VVB [See Equation 8] , which verifies that pixelate phase manipulation of VVB gives rise to pixelate polarization adjustment of light beam. Here, Supplementary Figure 6 (j, k, l) are the light intensities behind the pinhole, which are utilized to reconstruct the polarizations in Supplementary Figure 6 (b, e, h), respectively.
Supplementary Note 3: Arbitrary vector light beam
This note presents three examples of vector light beam created using polarized-SLM. According to 
Case 1: Arbitrary order VVB
In this case, the parameter =n β ϕ , and polarization in each pixel is adjusted to the direction of =n β ϕ .
Thus, the phases in Supplementary Figure 7 (a, d, h) can be vectorized into n order VVBs, which can be expressed as cos sin n n ϕ ϕ = + E x y (25) Here, n=1, 2, 3 in Supplementary Figure 7 (b, e, i), respectively. Supplementary Figure 7 (c, f, j) are their corresponding light intensities passing through a polarizer (purple arrow).
Case 2: Vector beam with multiple zones
In this case, the parameter β is divided into three zones, namely A, B, C zone shown in Supplementary   Figure 8 (a, e). Polarization in each zone can be manipulated individually using polarized-SLM.
Supplementary Figure 8 
Here, β LP denotes a linearly polarized light with the polarization direction of β . Supplementary Figure   8 (g, h) are the light intensities of A, B, C zone passing through the polarizer indicated by purple arrow.
Case 3: Special vector beam
In this case, the phases in Supplementary Figure 9 Supplementary Figure 9 (i, j, k, l) are the light intensities of special vector beam passing through the polarizer indicated by purple arrow.
